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Abstract 
In this paper are given the results of ground water mathematical modeling of the source zone Sokolovii in order to 
define the optimal water exploitation. After processing and analyzing the results of hydrogeological and hydrological 
research of source of Sarajevsko Polje, boundary conditions are selected, and after that were made calibration of 
mathematical models for Sokolovii zone.  
Given the complexity and importance of groundwater sources Sokolovii, optimization of the results of the 
mathematical model is also made in this paper. Optimal exploitation (optima yield) of groundwater is selected based 
on the three criteria: 1
st
 the provision of river inflow in amount of that will not exceed the natural infiltration in 
accordance with the appropriate geometry and boundary conditions; 2
nd
 ensuring at least minimum required flow to 
downstream groundwater source, in quantities that exploitation of Sokolovii water well will not compromise, and 3rd 
preservation of filtration stability of wells in the Sokolovii area. 
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1. Introduction 
Determination of optimal groundwater yield is one of the most complicated hydro-technical problems. 
The optimum yield may not be equal to the pumping rate of objects for exploitation, [1], nor can it be 
considered as a quantity that is constant in time. According to its physical essence can be considered as 
the amount of water that is being renewed and that is dependent of the recharge sources. It means should 
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be variable value, which is dependent on the hydrological situation in the catchment area. Especially 
complex situation can be in the case of the accumulation of groundwater which is situated on a large area, 
and when the water is exploited in several different locations (source zones), distant to each other by 
several hundred meters. In this case, the impact that one source has to another zone, among other factors, 
certainly affects to the selection of optimal water pumping.  
There are several approaches to solving these problems. In recent years, with the development of 
computer technology is an increasingly common application of mathematical modeling. However, only 
the use of the results of mathematical models quite often cannot be enough to solve this complex 
problem. There are other factors that limit the pumping rate, such as those that are conditioned by the 
technical characteristics of the wells, filtration stability in the borehole zone, the natural characteristics of 
the aquifer, the source management methods, etc. In order to select the optimal solution, it is necessary to 
observe the source as a whole, to define existing constraints and evaluation criteria, and make the most 
favorable decision.  
2. Characteristics of Groundwater Sources - Sarajevsko Polje 
Sarajevsko Polje is, morphologically, alluvial plateau, whose area is about 13 km
2
. From the 
hydrogeological point of view, it makes a huge underground reservoir. In its upper layer, aquifer with free 
water level is formed. Exploitation is carried out from the upper granular aquifer through 36 vertical 
wells, located in the three source zones: zone Konaci, zone Baevo and zone Sokolovii. The thickness of 
the quaternary sediments varies from 70 meters in the northern part of the area to 30 m or less at the 
southern part of Sarajevsko Polje. According to the hydrogeological profile (see Fig. 2), the thickness of 
gravel-sandy sediments in the area Sokolovia is between 15 and 35 meters. At greater depths, after less 
permeable layers, there is a layer of limestone.  
Water regime of the groundwater aquifer in the Sarajevo area is influenced by the flow through its 
contours: from the west - Bosna River; from north-east to the River eljeznica, from the south to the 
streams Stojevac part, and through the boundary contours and the slope of the field from the direction of 
karst massif Igman - Bjelasnica.  
Previous research works, which were carried out in this area, it has been shown that amount of 
renewable groundwater are between 800 and 1250 l/s, depending on the hydrological situation. It is also 
shown that the exploitation of this amount does not threaten underground reservoirs, [2]. Overexploitation 
of groundwater aquifer, which today is from 2500 to 3200 l/s, caused a downfall in water levels, [3]. To 
minimize the negative effects overexploitation, artificial recharge is applied. By activating the pumping 
source Sokolovii, 1998th year, the depletion of groundwater sources is continued. But, quantities of 
water that can be abstracted from this source that does not harm on downstream water sources (Konaci i 
Baevo) is remained unknown. Pumping wells, which were carried out after the drilling of wells, are 
shown that Sokolovii source has a significant impact on other sources (Baevo, Konaci). However, 
estimate of this impact was unknown. 
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Fig. 1. Groundwater sources Sarajevsko Polje with three exploitation source zones 
 
Fig. 2. Hydrogeological profile A-A, [4] 
3. The application of Mathematical Modeling to the Groundwater Source Sokolovii   
The modeling process is started by forming a conceptual model, which actually represents a 
schematization of the analyzed area, as well as conditions within or on the borders, and their 
characteristics. Mathematical model implies a basic differential equation of groundwater flow 
(Boussinesq's equation), the initial and boundary conditions.  In this paper, a computer program Comet 
was used. Comet is multifunctional CCM software written in ANSI standard C and ANSI FORTRAN 77, 
the Linux operating system, to solving problems of continuum mechanics (liquids and solids). The 
software package is written in a modular form, with the possibility of further development and 
improvement, [5]. 
The initial and boundary conditions  
Simplified Boussinesq's equation is a partial differential equation which is presented to the distribution 
of pressure or piezometric levels for the area at the time. For its solving is necessary to know the initial 
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and boundary conditions. Knowledge of piezometric levels in all points of the observed space in a home 
(selected) point of time is one of the initial conditions. Boundary conditions, in general, can be classified 
into two groups, as Dirichlet's B (x, y, t) and as the Neumann's boundary conditions QB (x, y, t). Finite 
volume method that was used in this software implies discretization of the domain (area and time) and 
discretization Boussinesq's equation. As a result, the obtained is a system of nonlinear algebraic 
equations, which are then solved with a specified iterative procedure. 
Applying to the Sokolovii groundwater source  
Area of the groundwater source Sokolovii is divided by numerical network 100x60 volume-control 
cells (Fig. 4). A numerical network, around the wells, is additionally refined. The density and size of 
elements is adapted to the geometry of the studied area, and exploitation facilities. Interaction between the 
studied areas and "rejected" areas is replaced by boundary conditions - the values of piezometric 
pressures by contours in natural conditions. Boundary conditions are defined for the three selected, 
different, hydrological conditions which relate to the period before the start of pumping groundwater from 
sources Sokolovii. 
 
 
Fig. 3. Situation areas sources Sokolovii with numerical mesh 100x60, additionally refined around the wells 
As in previous studies confirmed, the greatest impact on levels of groundwater Sokolovii has an 
infiltration of river eljeznica. In this regard, as the initial conditions are taken measured groundwater 
levels at the source Sokolovii in periods of minimum, medium and increased water level of river 
eljeznice. Hydrodynamic analysis was performed for three hydrologic conditions. Firstly analyzed 
hydrological condition was the condition of low waters of the river eljeznice with known potential to the 
observed area. Secondly hydrological condition was the condition middle water of the river eljeznica 
with known levels of groundwater, and third hydrological situation, there is a state of increased water 
river eljeznice.  
The process of model calibration model 
Calibration of the mathematical model was carried out by hydraulic calculations for the groundwater 
flow in quasi-stationary conditions, for the three mentioned hydrological conditions. The initial values of 
the coefficients of filtration in the vicinity of the well are obtained by treating the results of a prior test 
pumping, while the initial values of the coefficients of filtration for the rest of the studied area are taken 
from the available results of researches. Contour, Dirichlet's conditions are defined for the three different 
hydrological conditions. Thicknesses of the aquifer, for each cell, are defined as the difference between 
piezometric pressures and lower impermeable layer in the center of the cell. 
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Comparing the data measured in the field and the data obtained by modeling, as well as re-analysis of 
the input data, carried out improvements initial data. A subsequent application of this procedure, the 
adjustment between measured values and obtained values of piezometric pressures was carried out, see 
Fig.4. When differences of values piezometric pressures are adjusted, and when the calculated difference 
amount of water on the borders, in conditions without exploitation, was approximately zero, i.e. QIN-
QOUT=0, it was thought that the model was calibrated. In this way, after a series of iterations, we 
obtained transmissibility values for each control cell. 
 
 
 
 
Fig. 4. Results of the calibration models for the three hydrologic conditions: hydrological situation of small, medium and large water 
river eljeznice  
Simulation pumping of different exploitation schemes 
Hydrodynamic calculations were made for the flow of groundwater in the quasi-stationary conditions, 
for the calibrated mathematical model, and for a three analyzed hydrological conditions. Prognostic 
calculation is done for various exploitation schemes (variants) in the exploitation of underground water, 
50 to 620 l / s, for each of the three hydrologic conditions (a total of 21 simulations). 
The aim of simulations was to determine the quantity renewable natural groundwater for each 
hydrological situation, i.e. quantity of water that could be exploited from the observed area. During this is 
necessary to satisfy certain limits, and to determine the main directions of recharge, as well as the 
quantity of water that flows from model boundary or drain from the studied area, for the given conditions. 
In Figures 5 and 6, part of the modeling results, for two optionally selected variants are shown. 
 
 
Fig. 5. Potential lines at the source Sokolovii for simulated variants of exploitation, hydrological condition of small water of river 
eljeznice, [3] 
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Fig. 6. Potential lines at the source Sokolovii for simulated variants of exploitation, hydrological condition of incised water of river 
eljeznice, [3] 
4. Analysis of the Modeling Results  
Results of mathematical modeling of the groundwater Sokolovii showed that the direction of the river 
eljeznica is the dominant direction of recharge for three considered hydrological conditions. Significant 
the recharge, also, is going through southeastern model boundary. 
Transmissibility coefficients obtained by the mathematical model, moved between 2 x 10
-2
 m
2
/s to 
9.1x10
-2
 m
2
/s, and were greater on the part of the area around the river eljeznica (border 6, Fig.3), while 
the lowest were near the border 3, see Fig.3.  
Outflow to downstream sources (northern) happened in amounts that ranged between 180 l/s and 300 
l/s for all three hydrologic conditions, through all considered variants. It was indicative that the 
differences in the amounts of water that flows toward borderline are not much changed with the changing 
the amount of pumped water. Outflow through this border in the "zero state" (a state without pumping) 
and with the maximum simulated pumped quantities, are reduced by approx. 100 l / s, for the three 
considered hydrological conditions. Results of mathematical modeling showed that the amount of water 
pumping from Sokolovia should be changed depending on: hydrological conditions, water inflow from 
the direction of eljeznica, as well as to outflow to Baevo. 
 
4.1 Selection criteria for defining the optimum yield  
 
Considering that the aim was to define the optimal amount of water pumping, and taking into account 
the fact that the source is Sokolovii hypsometrically over other source zones, should define its yield in a 
quantity will not interfere yield of downstream sources. The technical characteristics of constructed wells 
and a filtering stability of well-zones are taking into account. In this connection, three criteria are 
selected. 
The first criterion is the implied defining the limit values of infiltration from the river eljeznica, at the 
space Sokolovia, in a quantity not to exceed the natural infiltration and that depends on the river flow, 
the degree of clogging of the riverbed and hydraulic gradient (the difference in the level of groundwater 
and the water level in the river). According to the results of the current analysis and hydrological analysis 
for the period 1984, 1985, 1986 and 1987th years, the infiltration of water from the river eljeznica in the 
Sarajevo area fields (from VS to VS Krupac Ilidza), occurs at levels between 700 to 1,200 l/s, [ref .6,7,8]. 
Second criterion is implied the defining the capacity of each well, taking into account its technical 
characteristics, providing filtration stability in-borehole (filter) zones and satisfying, at the same time, the 
laminar flow regime. To preserve the filtration stability criteria permitted speed on entering the zone 
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filter-zone of wells (criterion Zihart's, Huisman, the Abramov's and Smith's), then the criteria permitted 
speed from the viewpoint of ensuring the laminar flow regime (criterion Reynolds's number) were 
analyzed, [3]. 
The third criterion is implied defining the value of natural groundwater flow from sources Sokolovii 
to source Baevo, in the period before the pumping water from the sources Sokolovii. As a starting point 
for defining the criteria, which would include possible restrictions underground flow toward Baevo 
(border 5, Fig.3), previously submitted to analysis and research were used, [8]. 
For this reason, the criteria for evaluating the results obtained are defined. Taking into account the 
adopted assumptions and limits, criteria can be formulated as: (i) limit pumping from the existing wells 
on Sokolovii, due to technical and exploitation characteristics of wells, Qmax=340 l / s, (ii) limit the 
exploitation of the area Sokolovia, for the case when the flow towards Baevo will be, Qmin, Baev=230 l / 
s, and (iii) limit the maximum inflow from the river eljeznica, Qmax, elj =430 l /s  
 
 
Fig. 7. Graphical presentation of the criteria for defining the optimum yield sources 
 
Taking into account the preceding limitations, the results obtained by mathematical modeling of 
groundwater flow using finite volume method (software Comet), and the results of the current analysis, 
three diverse multidisciplinary optimization criterions is carried out. Solution that satisfied all three 
criteria set, same weight, gave the optimum yield. For the considered hydrological conditions, adopted 
simplifications and boundary conditions, the optimum quantity of water pumping, by the above three 
criteria, should be between 270-320 l/s (Fig. 7). Exploitation of groundwater in these quantities, along 
with the assumptions and simplifications made, according to the analyzed criteria, can be considered as an 
optimum yield. The results obtained can be applied with the adopted assumptions and limiting conditions 
from which they entered into the calculation. 
5. Concluding Remarks 
The problem that often occurs due to long lasting and unplanned exploitation of groundwater is over-
exploited, or exploitation of which is greater than the amount of naturally renewable. The consequences 
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can be, not only constantly reduction of groundwater levels and pumping static reserves, but can 
significantly reflect on the degradation of groundwater quality.  
In this regard it is important to define the optimum yield, in certain conditions, which can be exploited 
from the groundwater sources. The only application of mathematical modeling often cannot provide the 
optimum results.  
 In this paper are given the results of analysis and reinterpretation of previous research in the area of 
sources Sokolovii, which provided the initial, necessary data and information for the application of 
mathematical models. Applying the method of finite volumes of groundwater flow in stationary 
conditions, different quantities from the sources exploitation Sokolovii were simulated. The goal of 
modeling was to determine the main directions of recharge, as well as the amount that from the model 
boundary flows or draining from the studied area, for the given conditions and for three different 
hydrological conditions. Because of the very short time of using this source, hydrological conditions were 
selected for the hydrological situation of small, medium and increased water river eljeznica, which 
according to the results of the analysis represents the dominant source of recharge.  
Processing and analysis of the results obtained by modeling showed, among other things, that the river 
eljeznica, is the dominant direction of recharge. Results of the analysis also showed that the 
characteristics of the aquifer, as well as the conditions prevailing on the borders of the model, limiting, 
but not the only decisive component in determining the amount of renewable water. 
To select the optimum yield that can be exploited from the sources Sokolovii, unless the results of 
mathematical modeling, is taken into account the capacity of the wells, a filtering stability of well-zones, 
and restriction of infiltration of the boundary watercourses. Processing and analysis of the results were 
showed among other things, that recharge from the direction of the river eljeznica is dominantly. Results 
of the analysis also showed that the characteristics of the aquifer, as well as the conditions prevailing on 
the borders of the model, limiting, but not the only crucial component in defining the optimum yield of a 
sources. 
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